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a b s t r a c t
We combine two well-known results by Mader and Thomassen, respectively. Namely, we
prove that for any k-connected graph G (k ≥ 4), there is an induced cycle C such that
G−V (C) is (k−3)-connected and G−E(C) is (k−2)-connected. Both ‘‘(k−3)-connected’’
and ‘‘(k− 2)-connected’’ are best possible in a sense.
© 2008 Elsevier B.V. All rights reserved.
Our motivation for this research is the following two well-known results due to Mader [9] and Thomassen [11],
respectively.
Theorem 1 (Thomassen, [11]). Every k-connected graph has an induced cycle C such that G − V (C) is (k − 3)-connected for
k ≥ 4.
Theorem 2 (Mader, [9]). Every k-connected graph has a cycle C such that G− E(C) is (k− 2)-connected for k ≥ 3.
Recently, the second theorem was generalized in [7] in such a way that there is a function f (k) such that every f (k)-
connected graph has a cycle C through any specified edge e such that G− E(C) is k-connected.
These two theorems are best possible in a sense, as the complete graph of order k+ 1 shows. Actually, Mader [9] proved
even a stronger statement: Every k-connected graph Gwith minimum degree at least k+ 2 has a cycle C such that G− E(C)
is still k-connected for k ≥ 3.
These two results are well-known in the study of connectivity, and a lot of research in this direction ismotivated by these
two seminal results. For example, see [3,6,8] that are motivated by Thomassen’s result, and see [4,5,10] that are motivated
by Mader’s result.
Our purpose in this note is to combine these theorems. Namely, we shall prove the following theorem.
Theorem 3. Suppose G is k-connected. Then G has an induced cycle C such that G− V (C) is (k− 3)-connected, and G− E(C) is
(k− 2)-connected for k ≥ 4.
Since there are a lot of applications for Thomassen’s result and Mader’s result (see [1,2,4,6,10]), so we hope this result is
useful for some future applications.
Proof of Theorem 3. If G has a triangle T , then we claim that G− V (T ) is (k− 3)-connected, and furthermore, G− E(T ) is
(k− 2)-connected. The first assertion is clear, and the second assertion is true because if G− E(T )were (k− 3)-connected,
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then G had to have a separation that consists of k − 3 vertices and 3 edges of T . But since the 3 edges of T consist of the
triangle, it is not possible to have such a separation. So it remains to prove the assertion when G is triangle-free.
In [1], Egawa proved the following theorem.
Theorem 4. Suppose G is a triangle-free k-connected graph. Then there is an induced cycle C such that G − V (C) is (k − 2)-
connected for k ≥ 4.
We shall use this theorem. Hencewe have an induced cycle C such that G−V (C) is (k−2)-connected. Nowwe add edges
joining V (C) and G− V (C). Since C is induced, it is clear that each vertex v in C has at least k− 2 neighbors to G− V (C). So,
G− E(C) is (k− 2)-connected, as desired. This completes the proof. 
Let us observe that Egawa’s theorem, Theorem 4, implies the following.
Theorem 5. Suppose G is a triangle-free k-connected graph. Then there is an induced cycle C such that G − V (C) is (k − 2)-
connected and G− E(C) is (k− 2)-connected for k ≥ 3.
Egawa [2] even proved that if G is k-connected with girth at least 5, then G has an induced cycle C such that G− V (C) is
(k− 1)-connected. This result immediately implies that if G is k-connected with girth at least 5, then G has an induced cycle
C such that G− V (C) is (k− 1)-connected and furthermore, G− E(C) is (k− 2)-connected.
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